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1. Introduction
Werecall somenotations anddefinitions. LetB(H)be theC∗-algebra of all bounded linear operators
on aHilbert spaceH and1H stands for the identity operator.Wedefinebounds of a self-adjoint operator
A ∈ B(H) by
mA = inf‖x‖=1(Ax, x) and MA = sup‖x‖=1(Ax, x) (1)
for x ∈ H. If Sp(A) denotes the spectrum of A, then Sp(A) ⊆ [mA,MA]. AlsomA1H  A  MA1K and
‖A‖ = max{|mA|, |MA|} = sup{|(Ax, x)| : ‖x‖ = 1}.
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Suppose that I is an arbitrary interval inR. Let f be an operator convex function defined on I. Davis
in [2] proved a Schwarz inequality
f ((A))  (f (A)) (2)
where  : A → B(K) is a unital completely positive linear mapping from a C∗-algebra A to linear
operators on a Hilbert space K, and A is a self-adjoint element in Awith spectrum in I. Subsequently
Choi in [1] noted that it is enough to assume that  is unital and positive linear.
Mond and Pecˇaric´ in [7] proved the inequality
f
⎛
⎝
n∑
i=1
wii(Ai)
⎞
⎠ 
n∑
i=1
wiif (Ai) (3)
for operator convex functions f defined on an interval I, where i : B(H) → B(K), i = 1, . . . , n, are
unital positive linearmappings, A1, . . . , An are self-adjoint operatorswith spectra in I andw1, . . . ,wn
are non-negative real numbers with
∑n
i=1 wi = 1.
Recently, Hansen et al. in [4] (see also [5]) gave a general formulation of Jensen’s operator inequality
for a unital field of positive linear mappings as follows.
Theorem A. Let f : I → R be an operator convex function. For each natural number n the inequality
f
⎛
⎝
n∑
i=1
i(Ai)
⎞
⎠ 
n∑
i=1
i (f (Ai)) (4)
holds for every n-tuple (A1, . . . , An) of self-adjoint operators in B(H) with spectra in I and every n-tuple
(1, . . . , n) of positive linear mappings i : B(H) → B(K), i = 1, . . . , n, such that∑ni=1 i(1H) =
1K .
Very recently, Mic´ic´ et al. studied in [6] a version of the quasi-arithmeticmean for continuous fields
of operators. A discrete version of this mean is
Mϕ(A,, n) = ϕ−1
⎛
⎝
n∑
i=1
i (ϕ(Ai))
⎞
⎠ , (5)
where (A1, . . . , An) is an n-tuple of self-adjoint operators inB(H)with spectra in I, (1, . . . , n) is an
n-tuple of positive linear mappings i : B(H) → B(K) such that∑ni=1 i(1H) = 1K , and ϕ : I → R
is a continuous strictly monotone function.
Similar as [6, Theorems 2.1 and 2.2], we have the following two theorems.
Theorem B. Let (A1, . . . , An) and (1, . . . , n) be as in the definition of the quasi-arithmetic mean (5).
Let ψ, ϕ : I → R be continuous strictly monotone functions.
If one of the following conditions
(i) ψ ◦ ϕ−1 is operator convex and ψ−1 is operator monotone,
(i’) ψ ◦ ϕ−1 is operator concave and −ψ−1 is operator monotone,
is satisfied, then
Mϕ(A,, n)  Mψ(A,, n). (6)
If one of the following conditions
(ii) ψ ◦ ϕ−1 is operator concave and ψ−1 is operator monotone,
(ii’) ψ ◦ ϕ−1 is operator convex and −ψ−1 is operator monotone,
is satisfied, then the reverse inequality is valid in (6).
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Theorem C. Let (A1, . . . , An) and (1, . . . , n) be as in the definition of the quasi-arithmetic mean (5).
Let ψ, ϕ : I → R be continuous strictly monotone functions and I be the identity function. If ϕ−1 is
operator convex and ψ−1 is operator concave, then
Mϕ(A,, n)  MI(A,, n)  Mψ(A,, n). (7)
In this paper we will prove that Jensen’s inequality (4) holds for every n-tuple (A1, . . . , An) of
self-adjoint operators Ai ∈ B(H) with bounds mi and Mi defined by (1), i = 1, . . . , n, every n-tuple
(1, . . . , n) of positive linearmappingsi : B(H) → B(K), i = 1, . . . , n, such that∑ni=1 i(1H) =
1K and every continuous convex function f : I → R, where I contains allmi,Mi, butwith the condition
(mA,MA) ∩ [mi,Mi] = ∅ for i = 1, . . . , n,
wheremA andMA are the bounds of a self-adjoint operator A = ∑ni=1 i(Ai) ∈ B(K).
Also, we will consider the quasi-arithmetic mean (5) without operator convexity or operator con-
cavity in Theorems B and C.
2. Jensen’s operator inequality
Operator convexity plays an essential role in (2). In fact, the inequality (2) will be false if we re-
place an operator convex function by a general convex function. For example, Choi in [1, Remark 2.6]
considered the function f (t) = t4 which is convex but not operator convex. He demonstrated that it
is sufficient to put dimH = 3, so we have the matrix case as follows. Let  : M3(C) → M2(C) be
the contraction mapping ((aij)1i,j3) = (aij)1i,j2. If A =
⎛
⎜⎜⎝
1 0 1
0 0 1
1 1 1
⎞
⎟⎟⎠ , then (A)4 =
⎛
⎝1 0
0 0
⎞
⎠ 

⎛
⎝9 5
5 3
⎞
⎠ = (A4) and no relation between (A)4 and (A4) under the operator order.
Example 1. It appears that the inequality (4) will be false if we replace the operator convex function
by a general convex function. For example, we define mappings 1, 2 : M3(C) → M2(C) by
1((aij)1i,j3) = 12 (aij)1i,j2, 2 = 1. Then 1(I3) + 2(I3) = I2.
(I) If
A1 = 2
⎛
⎜⎜⎝
1 0 1
0 0 1
1 1 1
⎞
⎟⎟⎠ and A2 = 2
⎛
⎜⎜⎝
1 0 0
0 0 0
0 0 0
⎞
⎟⎟⎠ ,
then
(1(A1) + 2(A2))4 =
⎛
⎝16 0
0 0
⎞
⎠ 

⎛
⎝80 40
40 24
⎞
⎠ = 1
(
A41
)
+ 2
(
A42
)
.
Given the above, there is no relation between (1(A1) + 2(A2))4 and 1
(
A41
)
+ 2
(
A42
)
un-
der the operator order. We observe that in the above case the following stands A = 1(A1) +
2(A2) =
⎛
⎝2 0
0 0
⎞
⎠ and [m,M] = [0, 2], [m1,M1] ⊂ [−1.60388, 4.49396], [m2,M2] = [0, 2],
i.e.
(m,M) ⊂ [m1,M1] ∪ [m2,M2]
similarly as in Fig. 1a.
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(II) If
A1 =
⎛
⎜⎜⎜⎝
−14 0 1
0 −2 −1
1 −1 −1
⎞
⎟⎟⎟⎠ and A2 =
⎛
⎜⎜⎜⎝
15 0 0
0 2 0
0 0 15
⎞
⎟⎟⎟⎠ ,
then
(1(A1) + 2(A2))4 =
⎛
⎝
1
16
0
0 0
⎞
⎠ 
⎛
⎝89, 660 −247
−247 51
⎞
⎠ = 1
(
A41
)
+ 2
(
A42
)
.
So we have that an inequality of type (4) now is valid. In the above case the following stands
A = 1(A1) + 2(A2) =
⎛
⎝
1
2
0
0 0
⎞
⎠ and [m,M] = [0, 0.5], [m1,M1] ⊂ [−14.077,−0.328566],
[m2,M2] = [2, 15], i.e.
(m,M) ∩ [m1,M1] = ∅ and (m,M) ∩ [m2,M2] = ∅.
similarly as in Fig. 1b.
It is no coincidence that the inequality (4) is valid in Example 1(II). In the following theorem we
prove a general result when Jensen’s operator inequality (4) holds for convex functions.
Theorem1. Let (A1, . . . , An) be an n-tuple of self-adjoint operators Ai ∈ B(H)with the boundsmi andMi,
mi  Mi, i = 1, . . . , n. Let (1, . . . , n) be an n-tuple of positive linear mappings i : B(H) → B(K),
i = 1, . . . , n, such that∑ni=1 i(1H) = 1K . If
(mA,MA) ∩ [mi,Mi] = ∅ for i = 1, . . . , n,
where mA and MA, mA  MA, are the bounds of the self-adjoint operator A = ∑ni=1 i(Ai), then
f
⎛
⎝
n∑
i=1
i(Ai)
⎞
⎠ 
n∑
i=1
i (f (Ai)) (8)
holds for every continuous convex function f : I → R provided that the interval I contains all mi,Mi.
If f : I → R is concave, then the reverse inequality is valid in (8).
m1 m2 M2M1 m Mm1 m2 M2M1
(a) (b)
m M
Fig. 1. Spectral conditions for a convex function f .
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Proof. We prove only the case when f is a convex function.
If we denote m = min{m1, . . . ,mn} and M = max{M1, . . . ,Mn}, then [m,M] ⊆ I and m1H 
Ai  M1H , i = 1, . . . , n. It followsm1K  ∑ni=1 i(Ai)  M1K . Therefore [mA,MA] ⊆ [m,M] ⊆ I.
(a) LetmA < MA. Since f is convex on [mA,MA], then
f (t)  MA − t
MA − mA f (mA) +
t − mA
MA − mA f (MA), t ∈ [mA,MA], (9)
but since f is convex on [mi,Mi] and since (mA,MA) ∩ [mi,Mi] = ∅, then
f (t)  MA − t
MA − mA f (mA) +
t − mA
MA − mA f (MA), t ∈ [mi,Mi] for i = 1, . . . , n. (10)
SincemA1K 
∑n
i=1 i(Ai)  MA1K , then by using functional calculus, it follows from (9)
f
⎛
⎝
n∑
i=1
i(Ai)
⎞
⎠  M1K −
∑n
i=1 i(Ai)
M − m f (m) +
∑n
i=1 i(Ai) − m1K
M − m f (M). (11)
On the other hand, since mi1H  Ai  Mi1H , i = 1, . . . , n, then by using functional calculus, it
follows from (10)
f (Ai) 
M1H − Ai
M − m f (m) +
Ai − m1H
M − m f (M), i = 1, . . . , n.
Applying a positive linear mapping i and summing, we obtain
n∑
i=1
i (f (Ai)) 
M1K −∑ni=1 i(Ai)
M − m f (m) +
∑n
i=1 i(Ai) − m1K
M − m f (M), (12)
since
∑n
i=1 i(1H) = 1K . Combining the two inequalities (11) and (12), we have the desired inequality
(8).
(b) LetmA = MA. Since f is convex on [m,M], we have
f (t)  f (mA) + l(mA)(t − mA) for every t ∈ [m,M], (13)
where l is the subdifferential of f . Since m1H  Ai  M1H , i = 1, . . . , n, then by using functional
calculus, applying a positive linear mapping i and summing, we obtain from (13)
n∑
i=1
i (f (Ai))  f (mA)1K + l(mA)
⎛
⎝
n∑
i=1
i(Ai) − mA1K
⎞
⎠ .
SincemA1K = ∑ni=1 i(Ai), it follows
n∑
i=1
i (f (Ai))  f (mA)1K = f
⎛
⎝
n∑
i=1
i(Ai)
⎞
⎠ ,
which is the desired inequality (8). 
We have the following obvious corollary of Theorem 1 with the convex combination of operators
Ai, i = 1, . . . , n.
Corollary 2. Let (A1, . . . , An) be an n-tuple of self-adjoint operators Ai ∈ B(H) with the bounds mi
and Mi, mi  Mi, i = 1, . . . , n. Let (α1, . . . , αn) be an n-tuple of non-negative real numbers such that∑n
i=1 αi = 1. If
(mA,MA) ∩ [mi,Mi] = ∅ for i = 1, . . . , n,
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where mA and MA, mA  MA, are the bounds of A = ∑ni=1 αiAi, then
f
⎛
⎝
n∑
i=1
αiAi
⎞
⎠ 
n∑
i=1
αif (Ai) (14)
holds for every continuous convex function f : I → R provided that the interval I contains all mi,Mi.
Proof. We apply Theorem 1 for positive linearmappingsi : B(H) → B(H) determined byi : B →
αiB, i = 1, . . . , n. 
3. Quasi-arithmetic means
In this section we will study the monotonicity of the quasi-arithmetic mean defined by (5).
Example 2. Theorem B will not true if we replace the operator convex function by a general convex
function in (6). Indeed, we putϕ(t) = 3√t andψ = I (the identity function) in (5) (ψ ◦ϕ−1(t) = t3 is
not operator convex) and we define mappings 1, 2 : M2(C) → M2(C) by 1(B) = 2(B) = 12B
for B ∈ M2(C) (then 1(I2) + 2(I2) = I2). If
A1 =
⎛
⎝34 14
14 6
⎞
⎠ and A2 =
⎛
⎝36 28
28 36
⎞
⎠ ,
then
M 3√
t
(A, , 2) =
(
1
(
3
√
A1
)
+ 2
(
3
√
A2
))3
=
⎛
⎝1
2
⎛
⎝3 1
1 1
⎞
⎠+ 1
2
⎛
⎝3 1
1 3
⎞
⎠
⎞
⎠
3
=
⎛
⎝35 20
20 15
⎞
⎠ ,
MI(A, , 2) = 1 (A1) + 2 (A2) =
⎛
⎝35 21
21 35
⎞
⎠ ,
MI(A, , 2) − M 3√ (A, , 2) =
⎛
⎝0 1
1 20
⎞
⎠ 
 0.
Given the above, there is no relation between MI(A, , 2) and M 3√ (A, , 2) under the operator
order. For theboundsofA1,A2 and themeanM 3√ (A, , 2) the followingstands [m1,M1] ⊂ [0.2, 39.8],
[m2,M2] = [8, 64] and [m,M] ⊂ [2.63, 47.37], respectively. We observe that in the above case the
following stands
(m,M) ∩ [m1,M1] 
= ∅, (and (m,M) ∩ [m2,M2] 
= ∅).
In the case when (m,M) ∩ [m1,M1] = ∅ and (m,M) ∩ [m2,M2] = ∅ for some A1 and A2, then the
relationM 3√ (A, , 2)  MI(A, , 2) holds according to Theorem 3.
In the next theorem we will examine the order among quasi-arithmetic means without operator
convexity in Theorem B.
Theorem 3. Let (A1, . . . , An) and (1, . . . , n) be as in the definition of the quasi-arithmetic mean (5).
Let mi and Mi, mi  Mi be the bounds of Ai, i = 1, . . . , n. Let ϕ,ψ : I → R be continuous strictly
monotone functions on an interval I which contains all mi,Mi. Let mϕ and Mϕ , mϕ  Mϕ , be the bounds
of the mean Mϕ(A,, n), such that(
mϕ,Mϕ
) ∩ [mi,Mi] = ∅ for i = 1, . . . , n.
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If one of the following conditions
(i) ψ ◦ ϕ−1 is convex and ψ−1 is operator monotone,
(i′) ψ ◦ ϕ−1 is concave and −ψ−1 is operator monotone,
is satisfied, then
Mϕ(A,, n)  Mψ(A,, n). (15)
If one of the following conditions
(ii) ψ ◦ ϕ−1 is concave and ψ−1 is operator monotone,
(ii′) ψ ◦ ϕ−1 is convex and −ψ−1 is operator monotone,
is satisfied, then the reverse inequality is valid in (15).
Proof. We only prove the case (i). Suppose that ϕ is a strictly increasing function. Sincemi1H  Ai 
Mi1H , i = 1, . . . , n, andmϕ1K  Mϕ(A,, n)  Mϕ1K , then
ϕ(mi)1H  ϕ(Ai)  ϕ(Mi)1H, i = 1, . . . , n,
ϕ(mϕ)1K 
n∑
i=1
i(ϕ(Ai))  ϕ(Mϕ)1K .
Then,
(
mϕ,Mϕ
) ∩ [mi,Mi] = ∅ for i = 1, . . . , n
implies
(
ϕ(mϕ), ϕ(Mϕ)
) ∩ [ϕ(mi), ϕ(Mi)] = ∅ for i = 1, . . . , n. (16)
Replacing Ai by ϕ(Ai) in (8) and taking into account (16), we obtain
f
⎛
⎝
n∑
i=1
i(ϕ(Ai))
⎞
⎠ 
n∑
i=1
i (f (ϕ(Ai))) (17)
for every convex function f : J → R on an interval Jwhich contains all [ϕ(mi), ϕ(Mi)] = ϕ([mi,Mi]).
Also, if ϕ is strictly decreasing, thenwe check that (17) holds for convex f : J → R on J which contains
all [ϕ(Mi), ϕ(mi)] = ϕ([mi,Mi]).
Putting f = ψ ◦ ϕ−1 and J = ϕ(I) in (17), we obtain
ψ ◦ ϕ−1
⎛
⎝
n∑
i=1
i (ϕ(Ai))
⎞
⎠ 
n∑
i=1
i (ψ(Ai)) .
Applying an operator increasing function ψ−1 on the above inequality, we get the desired inequality
(15). 
We can give the following generalization of the above theorem.
Corollary 4. Let the assumptions of Theorem 3 hold. Let F : I × I → R be a bounded and operator
monotone function in its first variable, such that F(t, t) = C for all t ∈ [mϕ,Mϕ].
If one of the following conditions
(i) ψ ◦ ϕ−1 is convex and ψ−1 is operator monotone,
(i′) ψ ◦ ϕ−1 is concave and −ψ−1 is operator monotone,
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is satisfied, then
F
[
Mψ(A,, n),Mϕ(A,, n)
]  C1K . (18)
If one of the following conditions
(ii) ψ ◦ ϕ−1 is concave and ψ−1 is operator monotone,
(ii′) ψ ◦ ϕ−1 is convex and −ψ−1 is operator monotone,
is satisfied, then the reverse inequality is valid in (18).
Proof. Suppose (i) or (i’). Then by applying Theorem 3 we have Mϕ(A,, n)  Mψ(A,, n). Using
operator monotonicity of F(·, v) and sincemϕ1K  Mϕ(A,, n)  Mϕ1K , we obtain
F
[
Mψ(A,, n),Mϕ(A,, n)
] F [Mϕ(A,, n),Mϕ(A,, n)
]
 inf
mϕtMϕ
F(t, t)1K
= C1K .
In the remaining cases the proof is essentially the same as in the above cases. 
Now,wewill examine the order among quasi-arithmeticmeans (5)without operator convexity and
operator concavity in Theorem C.
Corollary 5. Let (A1, . . . , An) and (1, . . . , n) be as in the definition of the quasi-arithmetic mean (5).
Let mi and Mi, mi  Mi be the bounds of Ai, i = 1, . . . , n. Let ϕ,ψ : I → R be continuous strictly
monotone functions on an interval I which contains all mi,Mi and I be the identity function on I.
(i) If mϕ and Mϕ , mϕ  Mϕ are the bounds of Mϕ(A,, n), such that(
mϕ,Mϕ
) ∩ [mi,Mi] = ∅ for i = 1, . . . , n (19)
and ϕ−1 is convex, then
Mϕ(A,, n)  MI(A,, n). (20)
(ii) If (19) is satisfied and ϕ−1 is concave, then the reverse inequality is valid in (20).
(iii) If (19) is satisfied and ϕ−1 is convex; and if mψ and Mψ , mψ  Mψ are the bounds of Mψ(A,, n),
such that
(
mψ,Mψ
) ∩ [mi,Mi] = ∅ for i = 1, . . . , n
and ψ−1 is concave, then
Mϕ(A,, n)  MI(A,, n)  Mψ(A,, n). (21)
Proof. (i)–(ii): Putting ψ = I in Theorem 3(i) and (ii), we obtain (20) and its reverse inequality,
respectively.
(iii): Replacingψ by ϕ in (ii) and combining this with (i), we obtain the desired inequality (21). 
As a special case of the quasi-arithmetic mean (5) we can study the operator power mean
M[r]n (A,) =
⎧⎨
⎩
(∑n
i=1 i
(
Ari
))1/r
, r ∈ R\{0},
exp
(∑n
i=1 i (ln (Ai))
)
, r = 0. (22)
where (A1, . . . , An) is an n-tuple of strictly positive operators in B(H) and (1, . . . , n) is an n-tuple
of positive linear mappings i : B(H) → B(K) such that∑ni=1 i(1H) = 1K .
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Fig. 2. Regions for the order among power means.
Applying Theorems B and C on the operator power means we obtain the following corollary.
Corollary 6. Let (A1, . . . , An) and (1, . . . , n) be as in the definition of the power mean (22).
If either r  s, r 
∈ (−1, 1), s 
∈ (−1, 1) or 1/2  r  1  s or r  −1  s  −1/2 (see Fig. 2a),
then
M[r]n (A,)  M[s]n (A,). (23)
Proof. The proof is essentially the same as in [3, Theorem 4.1], but now we use Theorems B and C by
putting ϕ(t) = ts, ψ(t) = tr or ϕ(t) = tr , ψ(t) = ts, t > 0. We omit the details. 
Remark 1. Corollary 6 is not valid if r, s are not in the regions (1)–(2) in Fig. 2a (see Example 2).
Applying Theorem 3 we obtain that (23) holds in a broader region (see Fig. 2b).
Corollary 7. Let (A1, . . . , An) and (1, . . . , n) be as in the definition of the power mean (22). Let mi
and Mi, 0 < mi  Mi be the bounds of Ai, i = 1, . . . , n.
If one of the following conditions
(i) r  s, s  1 or r  s  −1 (Fig. 2b(1), (2), (4)) and
(
m[r],M[r]
)
∩ [mi,Mi] = ∅, i = 1, . . . , n,
where m[r] and M[r], m[r]  M[r] are the bounds of M[r]n (A,),
(ii) r  s, r  −1 or 1  r  s (Fig. 2b(1), (3), (5)) and
(
m[s],M[s]
)
∩ [mi,Mi] = ∅, i = 1, . . . , n,
where m[s] and M[s], m[s]  M[s] are the bounds of M[s]n (A,),
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is satisfied, then
M[r]n (A,)  M[s]n (A,). (24)
Proof. We prove only the case (i). We put ϕ(t) = tr and ψ(t) = ts for t > 0.
Thenψ ◦ ϕ−1(t) = ts/r is concave for r  s, s  0 and r 
= 0. Since−ψ−1(t) = −t1/s is operator
monotone for s  −1 and
(
m[r],M[r]
)
∩ [mi,Mi] = ∅ is satisfied, then by applying Theorem 3(i’) we
obtain (24) for r  s  −1.
But, ψ ◦ ϕ−1(t) = ts/r is convex for r  s, s  0 and r 
= 0. Since ψ−1(t) = t1/s is operator
monotone for s  1, then by applying Theorem 3(i) we obtain (24) for r  s, s  1, r 
= 0.
If r = 0 and s  1, we put ϕ(t) = ln t andψ(t) = ts, t > 0. Sinceψ ◦ϕ−1(t) = exp(st) is convex,
then similarly as above we obtain the desired inequality.
In the case (ii) we put ϕ(t) = ts and ψ(t) = tr for t > 0 and we use the same technique as in the
case (i). 
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